The sixth-order electron-loop vacuum-polarization contribution to the 2P 1/2 − 2S 1/2 Lamb shift of the muonic hydrogen (µ − p + bound state) has been evaluated numerically. Our result is 0.005295 (1) meV. This eliminates the largest uncertainty in the theoretical calculation. Combined with the proposed precision measurement of the Lamb shift it will lead to a very precise determination of the proton charge radius.
The muonic hydrogen, the µ − p + bound state, differs from the ordinary hydrogen atom in two important respects. One is that the vacuum-polarization effect is much more important than other radiative corrections. The other is that it is more sensitive to the hadronic structure of the proton. Thus it provides a means of testing aspects of QED significantly different from those of the hydrogen atom.
Just as in the ordinary hydrogen atom, the muonic hydrogen has a long-lived 2S metastable state. This makes it possible to measure the 2P 1/2 − 2S 1/2 Lamb shift to about 10 ppm level using the phase-space compressed muon beam technique [1] . At present, however, theoretical precision of the Lamb shift is limited to the level of about 30 ppm. This uncertainty comes mainly from the unknown contribution ∆E (6) of the sixth-order electron vacuum-polarization effect [2] .
In this paper we report the result of our evaluation of ∆E (6) . Relevant integrals obtained using the exact sixth-order vacuum-polarization function [3] are summarized in Table I . Our result is ∆E (6) = 0.083 539 (11) m r (Zα) 2 α π
where Z = 1 for the proton and m r is the reduced mass of the µ − p + system: [4] 
We have also evaluated the main part of ∆E (6) using the Padé approximation of vacuumpolarization function [5] . The result (23) of this calculation is in good agreement with the direct calculation (22). A more detailed comparison of these results will be given in a separate paper [6] .
The vacuum-polarization contribution to the 2P 1/2 − 2S 1/2 Lamb Shift of the muonic hydrogen can be expressed as an integral over the vacuum-polarization function Π(q 2 ). Here q may be either space-like or time-like. The first choice (q 2 < 0) leads to the integral
The functionρ is equal toρ 2P −ρ 2S , whereρ 2P andρ 2S are Fourier transforms of the squares of non-relativistic Coulomb wave functions for the 2P and 2S states, respectively:
For the 2P states, we take the average over three degenerate states. Carrying out this integration we obtainρ where a = | p|/(Zαm r ).
The second choice (q 2 > 0) gives rise to the integral [2]
where β = m e m r α = 0.737 383 76 (30)
and u(t) is the imaginary part of the vacuum-polarization function Π(q 2 )
Although Eqs. (3) and (6) are analytically equivalent, they are totally different from the viewpoint of numerical integration. Thus they provide a useful check whenever both real and imaginary parts of Π are available. For diagrams containing several vacuum-polarization loops in one Coulomb photon line, Eqs. (3) and (6) must be modified accordingly.
Let us first consider the contribution coming from three second-order vacuumpolarization insertions in a Coulomb photon (see Fig. 1 ). The contribution Π (p2:3) (q 2 ) of this improper diagram can be expressed in terms of the second-order vacuum-polarization function Π (2) (q 2 ) as
where Π (2) is known analytically and has the spectral function
Substituting Π (p2:3) in Eq. (3) and evaluating the integral numerically, 1 we find
The result of the second method based on Eq. (6) 
The quantity ∆ (I) E (p2:3) can also be evaluated using the parametric-integral form of Π (2) given in Ref. [3] . This leads to
The next contribution comes from diagrams involving one second-order and one fourthorder vacuum-polarization insertions (see Fig. 2 ). This contribution is given in terms of
where Π (4) is the fourth-order vacuum-polarization function. Substituting Π (4) derived from Ref. [8] into Eq. (3) we obtain
while Eq. (6) leads to
We have also evaluated ∆ (I) E (p4p2) using the parametric-integral form of Π (4) [3] :
No convenient parametric integral is available for the second method. The third contribution comes from the sixth-order vacuum-polarization term Π (p4(p2))
obtained by inserting a second-order vacuum-polarization loop in the fourth-order vacuumpolarization diagram (see Fig. 3 ). The form of Π (p4(p2)) convenient for numerical integration is as integral over Feynman parameters [3] . A useful form of the imaginary part of Π (p4(p2)) is not available. (It is true that it can be written formally as an integral involving a δ-function. But this is not convenient for numerical integration.) Thus we use Eq. (3) only. This can be done easily by adapting to the Lamb shift the program written previously for the electron g − 2 involving vacuum polarization insertion [9] . This leads to
The last and most complicated contribution comes from the sixth-order vacuumpolarization diagrams with a single electron loop. The exact form of this contribution is known only in a parametric-integral form [3] . Its imaginary part is not available in a form convenient for numerical integration. We have therefore evaluated it using Eq. (3) only. There are eight topologically distinct diagrams (see Fig. 4 ). Each diagram can be written as a sum of various divergent terms and a finite part ∆Π (6i) , where i = a, b, ..., h. After renormalization the sum of these diagrams is free from any divergence and can be written as [3] 
where ∆B 2 , · · ·, are finite parts of renormalization constants free from ultraviolet-and infrared-divergences and Π (2) and Π (4) are renormalized vacuum-polarization functions of second-and fourth-order, respectively. Π (2 * ) is the second-order vacuum-polarization function with a mass insertion vertex. Precise definitions of these functions are given in Ref. [10] . The numerical values of the coefficients of Π (4) , Π (2) and Π (2 * ) are
where the last two are new evaluations. The Lamb Shift contributions from Π (4) , Π (2) , and Π (2 * ) can be easily obtained by numerical integration:
The Lamb Shift contributions ∆E (p6a) , · · ·, coming from the ultraviolet-and infraredfinite parts of diagrams ∆Π (6a) , · · ·, are numerically evaluated. The results are summarized in Table II . The second and third columns list the results of integration carried out in double precision 2 and quadruple precision, respectively. The former integration uses 100 million sampling points per iteration while the latter uses 1 million sampling points per iteration (except for the diagrams 6a and 6e which use 2 and 4 times more sampling points, respectively). The number of iteration is 50. The purpose of the latter calculation is to see whether the former indicates sign of losing significant digits due to rounding-off, which is the major source of uncertainty of this type of calculation. Column 4 gives the difference between columns 2 and 3. The excellent agreement between two calculations shows that the estimated error of the former is not significantly affected by rounding-off and can be safely assumed to be mostly statistical. We therefore choose the double precision value, which has higher statistics, as our best estimate:
As a cross-check, we have also evaluated ∆E (p6) using the Padé-approximation of the vacuum-polarization function given in Ref. [5] . We have done this using both methods I and II. The 
These results are consistent with each other and agree with (22) in the first three significant digits, or within one standard deviation of (22). Obviously either (22) or (23) has sufficient precision as far as comparison with experiment is concerned. Note, however, that the uncertainties given in (23) are those resulting from numerical treatment of the Padé approximation and do not include those caused by the Padé method itself. It is argued in a separate paper [6] , however, that the uncertainty of the Padé model itself is about 0.001 percent and hence the true value will be found well within the uncertainties quoted in (23).
Collecting (11), (15), (18), and (22), we find the total contribution to the Lamb Shift due to the sixth-order vacuum-polarization insertion in a Coulomb photon line to be 
Evaluation of various lower-order contributions to the 2P 1/2 − 2S 1/2 Lamb shift L of the muonic hydrogen are summarized in Ref. [2] . Inclusion of our result (24) 
where r p is the proton charge radius in units of fm. The remaining uncertainty in the first term of (25) will be at most of the order of 0.001 meV [11] . Although this estimate is sufficient for the precision of the forthcoming measurement, more precise estimate may be needed in the future. Measurement of L to 10 ppm, or 0.002 meV, will lead to improvement in the value of r 2 p by a factor of 50 over those determined from the elastic scattering form factor measurements, making it possible to resolve the long-standing discrepancy between [12] and [13] . The new value of r 2 p will also play an important role in testing the validity of QED in terms of high precision measurements of the spectrum of the hydrogen atom [14] . Another impact of accurate determination of r 2 p will be to stimulate evaluation of r 2 p from the lattice QCD more precise and reliable than those available at present [15] . 
